On conformal field theory of SLE(kappa; rho) by Kytölä, Kalle
ar
X
iv
:m
at
h-
ph
/0
50
40
57
v3
  4
 M
ay
 2
00
6
On Conformal Field Theory of SLE(κ, ρ)
Kalle Kyto¨la¨
kalle.kytola@helsinki.fi
Department of Mathematics and Statistics, P.O. Box 68
FIN-00014 University of Helsinki, Finland.
Abstract
SLE(κ; ρ), a generalization of chordal Schramm-Lo¨wner evolution
(SLE), is discussed from the point of view of statistical mechanics and
conformal field theory (CFT). Certain ratios of CFT correlation func-
tions are shown to be martingales. The interpretation is that SLE(κ; ρ)
describes an interface in a statistical mechanics model whose boundary
conditions are created in the Coulomb gas formalism by vertex opera-
tors with charges αj =
ρj
2
√
κ
. The total charge vanishes and therefore
the partition function has a simple product form. We also suggest a
generalization of SLE(κ; ρ).
1 Introduction
Schramm-Lo¨wner evolutions (SLEs) are conformally invariant growth pro-
cesses in two dimensions. From statistical mechanics point of view they
describe interfaces in the continuum limits of critical models. The relation
of SLEs to the succesful conformal field theory (CFT) approach of physicists
has attracted attention since the introduction of SLE. This paper gives a
conformal field theory interpretation of a generalization SLE(κ, ρ) of chordal
SLEs, following the approach of e.g. [1], [2], [3], [4]. In a sense the aim is to
show how the method of [4] can be applied to this case. A different approach
was presented in [5].
The chordal SLE(κ) is known to be in some sense the most general
conformally invariant growth process in simply connected regions that only
depends on two points on the boundary of the region, the starting point and
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the end point. SLE(κ; ρ) is the most general growth process depending on
three points, the starting point and two other points. For a higher number
of boundary points SLE(κ; ρ) is no longer the most general case. Indeed,
in section 3 we find a class of such processes compatible with the CFT
representation of statistical physics models. SLE(κ; ρ) appears as the case
where total charge needed in the Coulomb gas formalism is zero and no
screening charges are inserted.
Section 2 recalls the definition and some basic properties of SLE(κ; ρ).
For later application and in order to exhibit the role of infinity, the SLE
equation is written in a strip geometry with another normalization of the
uniformizing maps. Section 3 contains the main steps of a computation
to show that a well chosen ratio of CFT correlation functions becomes a
martingale. The interpretation and corresponding results for other SLEs
are briefly discussed. An example probability and it’s possible meaning in
the massless free boson case κ = 4 are the subject of section 4. Finally, a
more algebraic approach (in the spirit of e.g. [6]) to the result of this paper
is sketched in section 5.
2 SLE basics
2.1 Definitions
Let us give a brief introduction to SLEs and fix some notation. For good
general treatments of SLEs the reader may want to see e.g. [7], [8] or [9].
The generalizations SLE(κ; ρ) and SLE(κ; ρ) were introduced in [10] and [11]
respectively.
We will recall the definition of SLE(κ; ρ) in the upper half plane H =
{z ∈ C : ℑm (z) > 0}. The parameters of the process are κ ≥ 0, which
corresponds to how the curve looks locally (or the central charge of the
CFT), and ρ = (ρ1, . . . , ρn) ∈ Rn which has to do with what kind of bound-
ary conditions are imposed. The initial conditions are the starting point
of the curve ξ0 ∈ ∂H = R and the locations of the boundary conditions
x1, . . . , xn ∈ R.
The chordal SLE(κ, ρ) process in the upper half plane is defined1 by the
Lo¨wners ordinary differential equation for a uniformizing conformal map
d
dt
gt(z) =
2
gt(z)− ξt , g0(z) = z ∈ H , (1)
1Strictly speaking one first assumes existence of a process ξt with the desired distribu-
tion and then considers the ODE (1).
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where ξt, the driving process, is a solution of the following Itoˆ stochastic
differential equation
dξt =
√
κ dBt +
n∑
j=1
ρj
ξt − gt(xj)dt (2)
started at ξ0 and (Bt)t≥0 is a standard Brownian motion. The stochastic
differential equation (2) has a solution as long as all |ξt−gt(xj)| stay bounded
away from zero, i.e. up to the the time τ of first hitting of ξt and some gt(xj).
We can define gt by (1) up to the same time. For z ∈ H the flow gt(z) is
well defined up to the first time τz that gt(z) hits ξt, i.e. τz = inf{t ∈
[0, τ) : lim infs↑t |gs(z) − ξs| = 0}. The SLE hull at time t < τ is defined as
Kt := {z ∈ H|τz ≤ t}. Then (Kt)0≤t<τ is a growing family of hulls, Ks ⊂ Kt
for s < t. The complement H \Kt is simply connected and gt is the unique
conformal mapping H \Kt → H with so called hydrodynamic normalization
gt(z) = z + o(1) at z →∞. The key idea of SLE is to describe the random
growth process of hulls (Kt)0≤t<τ in terms of the family of uniformizing
maps (gt)0≤t<τ .
The hull grows only locally, at the point γt ∈ H, which is mapped to
the driving process, gt(γt) = ξt. The trace t 7→ γt is a continuos path
almost surely. For κ ≤ 4 the trace is non-self-intersecting and Kt = γ[0,t].
For 4 < κ < 8 the trace has self-intersections and it “swallows” regions so
γ[0,t] ( Kt. In the parameter range κ ≥ 8 the trace is space filling, γ[0,t] has
Hausdorff dimension 2.
With ρ = 0 ∈ Rn the process is called the chordal SLE(κ) from ξ0 to ∞.
The driving process is then just a Brownian motion of variance parameter
κ and it can of course be defined for all t ≥ 0, that is τ =∞.
In [4] it is shown how some multiple SLEs give rise to SLE(κ; ρ) processes.
SLE(κ;κ−6) is a chordal SLE(κ) from ξ0 to x1, but the uniformizing maps gt
have a non standard normalization. A special nSLE gives rise to SLE(κ; ρ)
with ρ = (2, 2, . . . , 2) ∈ Rn−1.
2.2 SLE(κ; ρ) in a strip
We can cast SLE(κ; ρ) to a form which treats x1 and ∞ symmetrically. As-
sume that x1 < 0 = ξ0, other cases lead to obvious changes. The conformal
mapping m(z) = − log −x1z−x1 from H to S = {w ∈ C : 0 < ℑm (w) < pi}
maps the boundary points x1, 0,∞ to −∞, 0,+∞. Thus the family
ht(w) = − log ξt − gt(x1)
gt(m−1(w)) − gt(x1)
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maps subsets S \ m(Kt) to S, so it encodes the growth of the conformal
images of Kt. The normalization of these conformal maps is such that
ht(±∞) = ±∞ and ht(m(γt)) = 0. A straightforward computation gives
dht(w) = −
√
κ
dBt
ξt − gt(x1) +
(
− 3 + κ
2
− ρ1 −
n∑
j=2
ρj
2
+ coth(
ht(w)
2
) +
n∑
j=2
ρj
2
coth(
ht(m(xj))
2
)
) dt
(ξt − gt(x1))2 .
After a time change dt = (ξt − gt(x1))2ds and corresponding redefinition
hˆs = ht(s) this takes a more convenient form
dhˆs(w) = −
√
κ dBs +
κ− 6−∑nj=1 ρj
2
ds
+
n∑
j=1
ρj
2
coth(
hˆs(x˜j)
2
) ds+ coth(
hˆs(w)
2
) ds ,
where x˜j = m(xj), in particular x˜1 = −∞. This suggests we should define
ρ∞ = κ− 6−
n∑
j=1
ρj (3)
and x˜∞ = +∞ = m(∞) ∈ ∂S. The equation can also be written in terms of
gSs (w) = hˆs(w) + ηs and
dηs =
√
κ dBs −
∑
j∈{1,2,...,n,∞}
ρj
2
coth
(gSs (x˜j)− ηs
2
)
ds
so that gSs uniformizes the complement of m(Kt(s)) in S and we have the
Lo¨wner equation in the strip
d
ds
gSs (w) = coth
(gSs (w)− ηs
2
)
.
From the half plane equations for SLE(κ; ρ) it is not immediately clear
what kind of boundary condition is imposed at ∞. The above coordinate
change to the strip S shows the role of ∞. In particular, for any SLE(κ, ρ),
we have
∑n
j=1 ρj + ρ∞ = κ − 6, which in section 3 is seen to be related to
charge neutrality in the Coulomb gas formalism.
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As an example of the coordinate change we observe that the SLE(κ; ρ1)
which treats x1 and ∞ symmetrically is at the value ρ1 = (κ − 6)/2, since
only in this case we have ρ1 = ρ∞. In the strip geometry this special case
is the dipolar SLE with its usual normalization (see e.g. [3]) — the drift
ρ1
2 coth(−∞) + ρ∞2 coth(+∞) of the driving process ηs vanishes.
3 CFTs of SLE(κ; ρ)
In this section we find the conformal field theory appropriate for SLE(κ; ρ).
The result is a straightforward application of the ideas of [4] and [3], [2], [1]
to the present setup. It turns out that we only need to use boundary primary
fields as boundary changing operators at the extra points. Not all such cases
are described by SLE(κ; ρ), and this leads us to propose a generalization.
3.1 Statistical mechanics and martingales for SLEs
We briefly remind the reader of a general argument about how SLEs are
related to statistical mechanics. The argument is presented in more detail
in [4] and [3].
Different SLEs should represent interfaces in the continuum limits of
critical models of statistical mechanics with different boundary conditions.
We assume the model is defined in a simply connected domain D ⊂ C and
we will use a parametrization of the interface by a path γ : [0,∞) → D. In
two dimensions such models have continuum limits desribed by conformal
field theories. The expected value of an observale O then becomes
E[O] = 〈O Ob.c.〉
CFT
D
〈Ob.c.〉CFTD
,
where 〈· · ·〉CFTD denote conformal field theory correlation functions in the
domain D of the model and we have explicitly put operator Ob.c. which
accounts for the boundary conditions of the model (one shouldn’t simply
take vacuum expected value of O). Note that it is also necessary to divide
by the correlation function of boundary changes alone, which plays the role
of the partition function — otherwise the expected value of the identity
operator would differ from unity.
Taking instead conditional expected values conditioned on the knowledge
of a portion of the interface γ|[0,t] defines a martingale (assuming integrabil-
ity of the random variable O). But in many interesting cases the remaining
part of the interface arises from the same model defined in a subdomain
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Dt ⊂ D, which is essentially the original domain minus the portion of the
interface. In such a case
E
[O∣∣γ|[0,t]] = 〈O Ob.c.(γt, x1, x2, . . .)〉
CFT
Dt
〈Ob.c.(γt, x1, x2, . . .)〉CFTDt
(4)
is a martingale (the boundary condition changes only by the location where
the interface continues that is γ0 is replaced with γt). Using the transforma-
tion properties of CFT operators under conformal mappings we can express
this as a ratio of CFT correlation functions in the original domain. SLEs
give us explicitly such transformations gt which map certain connected com-
ponent Dt of D \γ[0,t] back to the original domain. By conformal covariance
one usually chooses D = H when discussing SLEs.
Several cases involving different SLEs and different boundary conditions
have already been studied. The first observation in [1] was that the ordinary
chordal SLE corresponds to a theory of central charge c = c(κ) = (6−κ)(3κ−8)2κ
and a boundary changing operator Ob.c. = Ψ1,2(∞)Ψ1,2(0), which creates
the two ends of the interface γ at 0 and ∞. The operator Ψ1,2 stands for
a boundary primary field of a degenerate conformal weight2 h1,2 =
6−κ
2κ
and this operator has a vanishing descendant at level 2. In all other cases
the central charge is given by the same formula and the interface is again
created by Ψ1,2. In [2] the radial SLE was worked out with the result
Ob.c. = Φ0, 1
2
(z∗)Ψ1,2(0), z∗ being the endpoint of the interface in the in-
terior of the domain. The dipolar SLE, already seen to be the symmet-
ric case of SLE(κ; ρ), was studied in [3] and it has boundary conditions
Ob.c. = Ψ0, 1
2
(x−)Ψ0, 1
2
(x+)Ψ1,2(0). The proposal for multiple SLEs in [4]
was taken to include only creations of interfaces on the real axis and some-
thing consistent at infinity: Ob.c. = Ψh∞(∞)Ψ1,2(x1) · · ·Ψ1,2(xn). We will
soon see that SLE(κ; ρ) can be understood with
Ob.c. = Ψδ∞(∞)Ψδ1(x1) · · ·Ψδn(xn)Ψ1,2(0)
again including the creation of the interface at 0 and boundary changes at
x1, . . . , xn,∞. The conformal weights are explicitly
δj =
ρj(ρj + 4− κ)
4κ
for j = 1, . . . , n,∞. (5)
2Here and in the sequel we use the following Kac labeling of the conformal weights
hr,s =
1
16κ
(
κ
2(r2 − 1)− 8κ(rs− 1) + 16(s2 − 1)
)
,
which is convenient in the SLE context. These are the weights for which the Verma module
is reducible.
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This formula fits nicely to the Coulomb gas formalism (the Coulomb gas
formalism of CFT is described in e.g [12] and [13]). To obtain central
charge c = c(κ) one introduces a background charge −2α0 = 4−κ2√κ . Then
vertex operators of charge α have conformal weight h(α) = α2 − 2α0α =
1
4κ(2
√
κα)(2
√
κα+4−κ). This means that the conformal weight correspond-
ing to ρj is obtained with the charge αj =
ρj
2
√
κ
. There is, in addition, the
operator creating the interface which has charge α1,2 =
1√
κ
. For SLE(κ, ρ)
the sum of all charges vanishes
−2α0 +
∑
j∈{1,2,...,n,∞}
αj + α1,2 = 0 ,
which means that there is no need for screening charges in the Coulomb gas
correlation function
〈
Vα∞(∞)Vα1(x1) · · · Vαn(xn)Vα1,2(ξ)
〉
= 〈v∗2α0−α∞ , Vα1(x1) · · · Vαn(xn)Vα1,2(ξ) v0〉
=
( n∏
j=1
(xj − ξ)ρj/κ
)( ∏
1≤j<k≤n
(xk − xj)ρjρk/2κ
)
. (6)
3.2 SLE with primary boundary changing operators
We now consider the question of what kinds of SLEs can arise from cre-
ation of one interface with Ψ1,2 and with a number of boundary changes
implemented by boundary primary fields. All of these “SLEs” seem natural
and probably deserve furter study. The SLE(κ; ρ) processes are the simplest
such processes (in the sense that one doesn’t need screening charges) and in
this note we concentrate on them.
Take the domain to be the upper half-plane, D = H, and suppose Ob.c =
Ψδ∞(∞)Ψδn(xn) · · ·Ψδ1(x1)Ψ1,2(0). Then the Lo¨wner mapping gt : Ht → H
with standard time parametrization satisfies ddtgt(z) =
2
gt(z)−ξt . Take the
driving process to be of the form dξt =
√
κ dBt + f dt so that the interface
looks locally like SLE(κ) and we should expect c = c(κ) = (6−κ)(3κ−8)2κ again.
For simplicity start with an observable which is a product of boundary
primary fields, O = Ψh1(y1) · · ·Ψhm(ym) with y1, . . . , ym ∈ R. From now
on all CFT correlation functions will be in H so we omit the subscript and
superscript.
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Applying the conformal transformation gt to (4) we find that the ratio
∏m
i=1 g
′
t(yi)
hi
〈∏m
i=1Ψhi(gt(yi)) Ψδ∞(∞)
∏n
j=1Ψδj (gt(xj))
)
Ψ1,2(ξt)
〉
〈
Ψδ∞(∞)
∏n
j=1Ψδj(gt(xj))Ψ1,2(ξt)
〉
should be a local martingale. Let us denote the numerator by Nt and de-
nominator by Dt.
The following computation is similar to one in [4] so only main steps
are given here. Making use of the null field (−2L−2 + κ2L2−1)Ψ1,2 and Ward
identity we compute the Itoˆ derivatives
dNt = DNt dDt = DDt
D = dt (∑nj=1 2δj(ξ−X(j))2 + f ∂ξ
)
+ dBt (
√
κ ∂ξ) . (7)
The Itoˆ derivative of the ratio Nt/Dt should have no drift
d
(Nt
Dt
)
=
(
f − κ∂ξD
D
)
∂ξ
(Nt
Dt
)
dt+
√
κ ∂ξ
(Nt
Dt
)
dBt ,
which leads to the requirement f = κ ∂ξ logDt.
The above requirement gives a class of interesting processes generalizing
SLE(κ; ρ). One could start with any conformal block for the correlation
function D = 〈Ψδ∞(∞)
∏n
j=1Ψδj (xj) Ψ1,2(ξ)〉 and define the driving pro-
cess ξt by
dξt =
√
κ dBt + κ
(
∂ξ logD(ξt; gt(x1), . . . , gt(xn))
)
dt .
Here we are content to remark that with conformal weights δj given by
(5), as a consequence of the charge neutrality the Coulomb gas correlation
function (6) provides us the nice factorizable D(ξ;x1, . . . , xn). This choice
of D gives rise to the drift term of SLE(κ; ρ)
f = κ ∂ξ log
〈
Vα∞(∞)Vα1(x1) · · ·Vαn(xn)Vα1,2(ξ)
〉
=
n∑
j=1
ρj
ξ − xj .
Note that f ∼ ρj/(ξ−xj) fixes the asymptotic behavior of D as ξ → xj and
fusion rule then allows no other conformal weight of a primary field at xj
than (5).
Concerning the generalization of SLE(κ; ρ) suggested above and com-
putations in SLE in general we also emphasise that even if the conformal
weight of some boundary changing operator coincides with a weight hr,s, the
operator may or may not have a vanishing descendant. Such phenomenon
is not new in the SLE context, see e.g. [1] and [14].
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4 Free field and SLE(4; ρ)
At κ = 4 the conformal field theory has central charge c = 1 and SLE
should correspond to “level sets” of the massless free boson field3. The next
sections give a few indications of how SLE(κ; ρ) fits into the picture.
The application of SLE(κ; ρ) to the free field was considered in [5]. The
physics was discussed in more depth, but let us for illustration purposes
state a conclusion from there. Let the free field ϕ have piecewise constant
Dirichlet boundary conditions with jumps at ξ0, x1, . . . , xn. The jump at ξ0
has the critical value λ∗ = 1√
4g
, such that we can trace the discontinuity
line of this jump. At xj one can take a jump of any size λj. The conformal
weight of the corresponding operator is δj = gλ
2
j , in particular for the critical
jump size this is 14 . The partition function for such a free field is
Z ∼
( n∏
j=1
(xj − ξ)
√
gλj
)( ∏
1≤j<k≤n
(xk − xj)2gλkλj
)
,
of the form (6) that corresponds to SLE(κ; ρ). In [5] there is also a discussion
that points to the interpretation given next.
4.1 Probability to be on the left of the trace
In this section we compute a certain example probability for SLE(κ, ρ) with
κ > 4 and observe that its limit at κ = 4 has a natural interpretation in
terms of free field boundary conditions. Computation of this probability for
the dipolar SLE appeared in [3].
Recall from section 2.2 that the SLE(κ; ρ) equation in S is conveniently
written in terms of the mapping hˆs which maps the tip of SLE trace to 0
dhˆs(w) = −
√
κ dBs +
κ− 6− 2ρ
2
ds+ coth
( hˆs(w)
2
)
ds .
Suppose we have an analytic function F : S → C such that F (hˆs(w)) is
a C-valued martingale. The drift of F (hˆs) should vanish, which by Itoˆ’s
formula means
0 =
κ− 6− 2ρ
2
F ′(hˆ) + coth
( hˆ
2
)
F ′(hˆ) +
κ
2
F ′′(hˆ) .
3There is yet unpublished work by Scott Sheffield and Oded Schramm which shows
that chordal SLE(4) is a discontinuity curve between two levels.
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Conversely, the solutions to this equation give local martingales. Constants
solve the equation, but the other linearly independent solution is an integral
function of
(
sinh(u/2)
)−4/κ
exp
(6− κ+ 2ρ
κ
u
)
.
The real and imaginary parts of that analytic function are harmonic local
martingales for SLE(κ; ρ) in S.
We assume that (κ− 8)/2 < ρ < (κ− 4)/2 so that the integral function
is finite at ±∞ and that κ > 4 so that it is finite at 0. Then the integral
function can be taken to be
F (w) =
∫ w
−∞
(
sinh(u/2)
)−4/κ
exp
(6− κ+ 2ρ
κ
u
)
du .
Let us set
P lκ;ρ(w) = 1−
ℑm F (w)
ℑm F (+∞) ,
which takes the value 1 at −∞ and 0 on the positive real axis. If a point
w ∈ S is swallowed, we have lims↑σw hˆs(w) = 0 where σw is the explosion
time of w for the Lo¨wner equation in the strip. If w is on the left (resp.
right) of the hull, we have lims↑σw hˆs(w) = −∞ (resp. +∞). Thus the
function P lκ;ρ(w) gives the probability of w being on the left of the hull,
P lκ;ρ(hˆs(w)) = E[1w on left
∣∣ γˆ|[0,s]].
4.2 Free field boundary conditions
As κ ↓ 4 the bounded harmonic function P lκ;ρ(w) has a limit plρ(w), which
is a harmonic SLE(4; ρ)-martingale. It’s boundary conditions are 0 on the
positive real axis and 1 on the negative real axis, so it describes the prob-
ability that w will be on the left of the trace at the time the trace hits the
the upper boundary of the strip. On the upper boundary w = x + ipi the
directional derivative of plρ to direction e
−iρpi/2 vanishes.
If SLE(4; ρ) describes a “level set” of the free field, then the boundary
condition on the upper boundary seems to correspond to the free field ϕ
having a vanishing directional derivative to the direction e−iρpi/2. The com-
putation only made sense if −2 < ρ < 0 whereas the piecewise constant
Dirichlet boundary conditions of [5] don’t have such restriction.
The boundary changing operator at 0 has the dimension 14 and it changes
boundary condition between two different Dirichlet boundaries. The opera-
tors at −∞,+∞ have dimensions ρ216 , ρ
2
∞
16 and they change the direction of
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the vanishing derivative by an angle pi2ρ,
pi
2ρ∞ respectively. The total change
of angle is pi2 (ρ + ρ∞) = −pi which is consistent with returning to Dirichlet
boundary condition. The particularly interesting case ρ = −1 (the dipolar
SLE) corresponds to Neumann boundary condition as discussed in [3].
For a general SLE(4; ρ) we always have a boundary changing operator
Ψ1,2 of dimension
1
4 at ξ so the curve is created by a jump of critical size λ
∗ in
the Dirichlet boundary conditions. The other boundary changing operators
have dimensions 116ρ
2
j such that
∑
j∈{1,...,n,∞}
pi
2ρj = −pi.
5 Virasoro module valued martingale
The approach of section 3 as well as of [4] is slightly different from that of
[1], [2], [6], [3]. We have shown that certain CFT correlation functions are
martingales for SLEs.
A more algebraic approach is to encode the state of the SLE as a vector
in a highest weight module for the Virasoro algebra (the CFT Hilbert space
should consist of highest weight representations of the Virasoro algebra with
a common central charge c(κ)). We think of starting from the vacuum |Ω〉
in an irreducible module of highest weight 0 and then applying intertwining
operators Ψ1,2(ξt) and Ψδj (gt(xj)) to create the appropriate boundary con-
ditions in H. Then we apply an operator Gt which implements the conformal
transformation g−1t in space of states.
In the next section we will give main steps of computation to show that
the process
|Mt〉 = 1
D(ξt; gt(x1), . . .)
GtΨδn(gt(xn)) · · ·Ψδ1(gt(x1))Ψ1,2(ξt)|Ω〉
in a highest weight module for the Virasoro algebra is a (vector valued)
martingale. Correlation functions of section 3 can be written as 〈u|Mt〉
for some constant vectors 〈u| in the dual of the module. The example of
section 4 corresponds to insertion of bulk primary field of dimension 0 at
z = m−1(w) ∈ H, that is 〈u| = 〈δ∞|Φ0(z).
5.1 The computation of d|Mt〉
We left the computation of the Itoˆ derivative of |Mt〉 to this section. The
drift will be shown to be zero so that |Mt〉 is local martingale with values in
a module for the Virasoro algebra. There are three kinds of cancellations in
the drift term. Some cancellations reflect the fact that Gt implements the
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transformation g−1t . For a cancellation of another kind it is again crucial
to have a null descendant of the intertwining operator Ψ1,2 which creates
the interface. Finally, it is important to take into account the change of the
partition function — the third cancellations arise from the correct choice of
the denominator D(ξ;x1, . . . , xn), see section 3.
Construction of the operator Gt, which implements the conformal trans-
formation g−1t of SLE, was treated in [6]. From the Lo¨wner equation (1) it
follows that
dGt = Gte
ξtL−1(−2L−2)e−ξtL−1 dt .
A boundary intertwining operator Ψδ of conformal weight δ is a family of
linear mappings between Virasoro modulesM (0) andM (∞) parametrized by
a boundary point x ∈ ∂H = R such that the following intertwining relation
holds
[Ln,Ψδ(x)] =
(
x1+n∂x + (1 + n)δx
n
)
Ψδ(x)
This means in particular that L−1 generates translations,
etL−1Ψδ(x)e
−tL−1 = Ψδ(x+ t) .
The most useful form of the intertwining relation for the present setup is
[etL−1Lne
−tL−1 ,Ψδ(x)] =
(
(x− t)1+n∂x + (1 + n)δ(x− t)n
)
Ψδ(x) .
We assume that M (0) =M1,1 is the irreducible module of highest weight
h1,1 = 0, M
(1) = M1,2 is the irreducible module of highest weight h1,2 =
6−κ
2κ and M
(2), . . . ,M (n),M (n+1) are some highest weight modules for the
Virasoro algebra. Let Ψ1,2(x) : M
(0) → M (1) and Ψδj : M (j) → M (j+1) for
j = 1, . . . , n be intertwining operators of conformal weights h1,2 and δj .
In order to reduce the notation denote gt(xj) = X
(j)
t and
∂
∂X
(j)
t
= ∂(j)
and f =
∑n
j=1
ρj
ξt−X(j)t
. Let us first compute
d
(
D(ξt;X
(1)
t , . . . ,X
(n)
t )|Mt〉
)
= Gte
ξL−1(−dt 2L−2)e−ξL−1
∏
j
Ψδj(X
(j)
t )Ψ1,2(ξ)|Ω〉
+Gt
(
dt
n∑
j=1
2
X
(k)
t − ξ
∂(k)
)∏
j
Ψδj (X
(j)
t )Ψ1,2(ξ)|Ω〉
+Gt
∏
j
Ψδj(X
(j)
t )
(
dBt
√
κ∂ξ + dt f∂ξ + dt
κ
2
∂2ξ
)
Ψ1,2(ξ)|Ω〉 .
12
Commute eξL−1L−2e−ξL−1 in the first term to the right and observe the
cancellations with the second term. Using the null vector
(−2L−2 + κ
2
L2−1)|h1,2〉 = 0
in the form
eξL−1(−2L−2 + κ
2
∂2ξ )e
−ξL−1Ψ1,2(ξ)|Ω〉 = 0
we have another cancellation in the first and third terms. The rest can be
written as
d
(
D(ξt;X
(1)
t , . . . ,X
(n)
t )|Mt〉
)
= D(D(ξt;X(1)t , . . . ,X(n)t )|Mt〉) ,
where D is as in (7). Using again the facts dDt = DDt and f = κ∂ξ logDt,
as in section 3, we see that the drift of |Mt〉 vanishes.
6 Conclusions
We exhibited the conformal field theory appropriate for SLE(κ; ρ) in the
statistical mechanics interpretation of [4] and [3]. The result turned out to
be particularly simple in the Coulomb gas formalism. In the course of study
we proposed other generalizations of SLE(κ) to the case where boundary
conditions depend on more than three boundary points.
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